Introduction and statement of results
Fourier coefficients of modular forms display remarkable congruences. Of particular interest are congruences that involve Atkin's U (p)-operator. For example, Lehner's [12] U (p)-congruences of the modular j-function are esthetically pleasing, and, in addition, generalizations of these congruences appear in the context of class equations and supersingular j-invariants (see Ahlgren and Ono [1] , Elkies, Ono, and Yang [5] , and chapter 7 of Ono [16] ). In this paper, we extend recent results on congruences and filtrations of Jacobi forms [19, 20] to Siegel modular forms of degree 2. Specifically, we introduce an analog of Atkin's U (p)-operator for Siegel modular forms of degree 2 and we explore U (p)-congruences of such forms.
Throughout, Z := ( τ z z τ ) is a variable in the Siegel upper half space of degree 2, q := e 2πiτ , ζ := e 2πiz , q := e 2πiτ , and
is the generalized theta operator, which acts on Fourier expansions of Siegel modular forms as follows:
where tr denotes the trace, and where the sum is over all symmetric, semipositive definite, integral, and even 2 × 2 matrices. We now state our main result, which extends Tate's theory of theta cycles (see §7 of [10] ) to Siegel modular forms of degree 2.
be a Siegel modular form of degree 2, even weight k, and with p-integral rational coefficients, where p > k is a prime. Let
be the analog of Atkin's U -operator for Siegel modular forms. Assume that there exists an A(n, r, m) with p nm such that A(n, r, m) ≡ 0 (mod p).
where ω(·) denotes the filtration modulo p of a Siegel modular form (for details, see Section 3).
In Section 2, we briefly review congruences and filtrations of Jacobi forms. In Section 3, we recall Nagaoka's [14] results on the structure of Siegel modular forms of degree 2 modulo p. In addition, we provide a result on the filtration of D(F ) (where F is a Siegel modular form) which is a key tool in our proof of Theorem 1. Finally, in Section 4, we discuss U (p)-congruences for explicit examples of Siegel modular forms. If χ 10 is the
1 2 )) = 1) Siegel cusp form of degree 2 and weight 10, then the results on Jacobi forms in [19] imply that χ 10 | U (p) ≡ 0 (mod p) for p = 5, 11, 13, while χ 10 | U (p) ≡ 0 (mod p) for all other primes p > 3. However, the situation is more complicated for Siegel modular forms that are not in the image of the Saito-Kurokawa lifting, such as (χ 10 ) 2 for example. As an application of Theorem 1 we find that (χ 10 ) 2 | U (p) ≡ 0 (mod p) for p = 7, 11, 29, while (χ 10 ) 2 | U (p) ≡ 0 (mod p) for all other primes p > 3.
Congruences and filtrations of Jacobi forms
Let J k,m be the vector space of Jacobi forms of weight k and index m (for details on Jacobi forms, see Eichler and Zagier [4] ). Throughout, let p 5 be a prime and (for simplicity) assume throughout that k is even.
If φ ∈ J k,m has p-integral rational coefficients, then we denote its filtration modulo p by
Recall the following facts:
be the heat operator.
with equality if and only if p 2Ω φ − 1 m.
Recall the analog of Atkin's U -operator for Jacobi forms:
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Propositions 1 and 2 allow us to study heat cycles of Jacobi forms. Specifically, the argument in [19] applies also to Jacobi forms of higher index. We omit the details and only record the final result.
We end this Section with the following Proposition, which is critical to Remark 2 of Section 3 and which also might be of independent interest. Note that there is no such result for integral weight (elliptic and Siegel) modular forms.
for all but finitely many n and r. Then φ ≡ 0 (mod p).
Proof. -We thank Michael Dewar for pointing out this short proof to us, which simplifies our original argument quite a bit. Recall that Theorem 2.2 of [4] asserts that c(n, r) depends only on 4nm−r 2 and on r (mod 2m). Consider an arbitrary coefficient c(n, r). For any positive integer t set n := n + rt + mt 2 and r := r + 2mt. Then 4nm − r 2 = 4n m − r 2 and r = r (mod 2m), and hence c(n, r) = c(n , r ). Since almost all Fourier coefficients of φ are zero modulo p, one can choose t large enough such that c(n , r ) ≡ 0 (mod p), which implies that c(n, r) ≡ 0 (mod p) for all n and r.
Siegel modular forms modulo p and the proof of Theorem 1
This section extends parts of Serre's [21] and Swinnerton-Dyer's [23] theory of modular forms modulo p to Siegel modular forms of degree 2. In particular, we establish an analog of Proposition 2 for Siegel modular forms of degree 2, which allows us to prove Theorem 1.
Let M k denote the vector space of Siegel modular forms of degree 2 and even weight k and let S k denote the space of cusp forms in M k (for details on Siegel modular forms, see for example Freitag [6] or Klingen [11] ( 2 1 1 2 )) = 1. As before, let p 5 be a prime. Guerzhoy [7] , Nagaoka [14, 15] , and Böcherer and Nagaoka [2] investigate Siegel modular forms modulo p. Set
where Z (p) := Z p ∩ Q denotes the local ring of p-integral rational numbers. If P is a polynomial with p-integral rational coefficients, then we also write P for its coefficient-wise reduction modulo p. Recall the following facts on the structure of Siegel modular forms of degree 2 modulo p :
Theorem 4 (Nagaoka [14] ).
Corollary 1 (Nagaoka [14] ). -Let F 1 ∈ M k1 and F 2 ∈ M k2 have pintegral rational coefficients and suppose that 0
Since there are congruences among Siegel modular forms of different weights it is desirable to find the smallest weight in which the (coefficientwise) reduction of a Siegel modular form modulo p exists. For a Siegel modular form F with p-integral rational coefficients, we define its filtrations modulo p by
The isomorphism in Equation (1) shows that ω F < k if and only if B divides P F , where B is as in Theorem 4, and where
From the introduction, recall the generalized theta operator
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Böcherer and Nagaoka [2] proved that if F ∈ M k has p-integral rational coefficients, then
Our following result on the filtration of D(F ) provides the analog of a classical result on elliptic modular forms (see Serre [21] and SwinnertonDyer [23] ).
Proposition 4. -Let F ∈ M k with p-integral rational coefficients and suppose that there is a Fourier-Jacobi coefficient φ m of F with p m and
with equality if and only if p 2ω F − 1 .
, and hence we may (and do) assume that ω F = k.
2πimτ be the Fourier-Jacobi expansion of F , i.e., φ m is a Jacobi form of weight k and index m. Then
By assumption, there is a φ m with p m such that Ω φ m = k. If p (2k − 1), then Proposition 2 implies that Ω L m (φ m ) = k+p+1. Moreover, for each non-negative integer m we have
k + p + 1 and hence ω D(F ) = k + p + 1. Now assume that p | (2k − 1). Let R ∈ M k with p-integral rational coefficients such that ω R = k and p k (2k − 1). Choie and Eholzer [3] give an explicit formula for the nth Rankin-Cohen bracket of two Siegel modular forms of degree 2. In particular, for the first Rankin-Cohen bracket
If ω D(F ) = k + p + 1, then there exists a G ∈ M k+p+1 with p-integral rational coefficients such that ω G = k + p + 1 and D(F ) ≡ G (mod p) . E 6 , χ 10 , χ 12 ) and R = P R (E 4 , E 6 , χ 10 , χ 12 ) , respectively. Remark 1 shows that P G P R is relatively prime to B in Theorem 4, i.e., ω GR = k + k + p + 1. We obtain the contradiction
Hence ω D(F ) < k + p + 1, which completes the proof.
We are now in a position to prove Theorem 1. We conclude that Proposition 4 is applicable. We omit further details and only point out that an argument as in [19] (using Corollary 1 and Proposition 4) will finish the proof of Theorem 1.
We end this Section with a remark on the compatibility of U (p) and U p .
Remark 2. -Let F (Z) = a(T )e
πi tr(T Z) ∈ M k with p-integral rational coefficients and with Fourier-Jacobi expansion 
Examples
The U p -congruences of Jacobi forms of index 1 in [19] in combination with Maass' lift [13] a ( ( 4 
Consider p = 7. We apply Proposition 4 to obtain ω D 6 (χ 10 ) 2 = 20 or 32. We find that . It suffices to use Fourier coefficients a(T ) with det(T ) 75 of the 27 canonical basis elements of S (Z (11) that all a j (T ) are p-integral rational and E 1 ≡ E 2 (mod p). For more details on the dyadic trace, see Poor and Yuen [18] . For the Fourier coefficients of E in Equation ( 
